We introduce the notion of fibred action of a group bundle on a C0(X)algebra. By using such a notion, a characterization in terms of induced C*-bundles is given for C*-dynamical systems such that the relative commutant of the fixed-point C*-algebra is minimal (i.e., it is generated by the centre of the given C*-algebra and the centre of the fixed-point C*algebra). A class of examples in the setting of the Cuntz algebra is given, and connections with superselection structures with nontrivial centre are discussed.
Introduction.
A result by S. Doplicher and J.E. Roberts ([9, Thm.1]) characterizes any compact C*-dynamical system (B, G) with fixed-point algebra A := B G and conditions A ′ ∩B = B∩B ′ , A∩A ′ = C1 , in terms of an induced bundle of C*-algebras over a homogeneous space. The fibre of such a bundle is a C*-dynamical system (F , H) with H ⊆ G, satisfying the conditions F H ≃ A, A ′ ∩ F = C1 .
It is of interest to generalize the above theorem to the case in which the centre of A is non-trivial. From a mathematical point of view, our motivation is a duality theory for (noncompact) groups acting on Hilbert bimodules ( [31] ). From the point of view of mathematical physics, the original motivation was the following: given our C*-dynamical system (B, G), define C := B ′ ∩ B , Z := In Sec.2, we give some basic properties about bundles p : Y → X , regarded as the topological counterparts of the commutative C 0 (X)-algebras C 0 (Y ) (Def.2.1). In Sec.2.2 we consider group bundles, and the associated groups of sections (for brevity called section groups, see Def.2.5); in the case in which the group bundle is locally trivial, we prove the existence of C 0 (X)-valued invariant functionals, playing the role of the Haar measure (Def.4.1, Prop.4.3).
In Sec.3, we introduce the notion of fibred action of a group bundle on a C 0 (X)-algebra (Def.3.3); we establish some basic properties, and make use of invariant means arising from the invariant C 0 (X)-valued functionals (Sec.4.2). Usual group actions on C*-algebras are recovered as fibred actions by trivial group bundles (Cor.3.5). In Sec.5, we discuss the case of fibred actions on abelian C*-algebras.
By applying the machinery developed in the previous sections, in Sec. 6 we provide a generalization of [9, Thm.1] to the non-trivial centre case (Thm. 6.6) . A crucial condition is that there must exists a section s : X ֒→ Ω, where Ω is the spectrum of B ′ ∩ B ; this characterizes Ω as an 'homogeneous bundle' in the sense of Sec.2.3. We also provide a class of examples in the context of the Cuntz algebra (Sec.6.1).
In Sec.7, we apply our results to Hilbert C*-systems and Doplicher-Roberts endomorphisms associated with superselection sectors (Thm.7.4, Thm.7.2). Our C(X)-algebra B is now the crossed product of A by the dual action of the special unitary group SU(d) : such an action arises from an endomorphism ρ satisfying the special conjugate property in the sense of [13, §2] , [12, §4] . Now, there is an automorphic action α : SU(d) → autB ; as remarked above, it is possible to regard at α as a fibred action by the bundle X × SU(d) . The quotient F supplies the 'right field algebra', carrying a fibred action by a group bundle G ⊆ X × SU(d) , with conditions F G = A, A ′ ∩ F = Z .
Keywords.
About topological and group bundles, it is aim of the present paper to be selfcontained; anyway, for standard notions about these topics we refere the reader to [18, 19] . Let X be a locally compact Hausdorff space; a C 0 (X)-algebra is a C*-algebra A equipped with a nondegenerate morphism C 0 (X) → ZM (A), where ZM (A) is the centre of the multiplier algebra M (A) ( [20, §2] ); in the sequel, we will identify the elements of C 0 (X) with their images in M (A). C 0 (X)-algebras correspond to upper-semicontinuous bundles of C*-algebras ([23, Thm.2.3]), thus generalize the classical notion of continuous field (bundle) of C*-algebras ([7, §10], [21] ). If x ∈ X , the fibre A x of A over x is defined as the quotient of A by the ideal ker xA := {f a , f ∈ C 0 (X), f (x) = 0 , a ∈ A} . Thus, for every x ∈ X there exists an evaluation epimorphism π x : A → A x , in such a way that a = sup x π x (a) , a ∈ A. If U ⊆ X is an open set, then C U (X) := {f ∈ C 0 (X) : f | X−U = 0} is an ideal of C(X); we define the restriction A U := closed span {f a, f ∈ C U (X), a ∈ A} , which is a closed ideal of A. Note that A U is a C 0 (U )-algebra in the natural way. If W ⊆ X is closed, then the restriction of A over W is defined by means of the epimorphism π W : A → A W := A/A X−W ; note that the fibre epimorphisms factorize w.r.t. π W , i.e. there are epimorphisms π W,x : A W → A x such that π x = π W,x • π W , x ∈ W . A C 0 (X)-morphism from a C 0 (X)-algebra A into a C 0 (X)-algebra B is a C*-algebra morphism η : A → B such that η(f a) = f η(a), f ∈ C 0 (X), a ∈ A. Tensor products in the setting of C 0 (X)-algebras are defined in [1, §3.2], and are denoted by ⊗ X .
2 Bundles, section groups. 2 .1 Topological bundles. Definition 2.1. A bundle is a surjective, continuous map of locally compact Hausdorff spaces p : Y → X . We denote by Y x := p −1 (x) the fibre of Y over x ∈ X .
In the sequel, a bundle will be also denoted simply by Y → X . If U ⊆ X is an open set, then Y U := p −1 (U ) ⊆ Y is endowed with the U -valued map p U := p| YU ; the so-constructed bundle p U : Y U → U is called the restriction of Y on U . If p ′ : Y ′ → X is a bundle, a bundle morphism is a continuous map F : Y → Y ′ such that p ′ • F = p; if F is also a homeomorphism, then we say that Y , Y ′ are isomorphic. The fibred product of bundles p : Y → X , p ′ : Y ′ → X is defined as Y × X Y ′ := {(y, y ′ ) ∈ Y × Y ′ : p(y) = p ′ (y ′ )} ; note that Y × X Y ′ has a natural structure of a bundle over X .
Let X , Y 0 be locally compact Hausdorff spaces; the natural projection p : X ×Y 0 → X defines in a natural way a bundle. A bundle isomorphic to X ×Y 0 is called trivial. More in general, a bundle is locally trivial if for every x ∈ X there is a neighborhood U ∋ x with a bundle isomorphism α U : p −1 (U ) → U × Y 0 , where Y 0 is a fixed locally compact Hausdorff space.
In our terminology, a bundle p : Y → X is the topological counterpart of the commutative C 0 (X)-algebra C 0 (Y ); the associated structure morphism is i p : C 0 (X) → M (C 0 (Y )), i p (f ) := f • p, and the fibres are C 0 (Y ) x = C 0 (Y x ), x ∈ X ; if z ∈ C 0 (Y ), the image of z w.r.t. the epimorphism π x : C 0 (Y ) → C 0 (Y x ) is given by the restriction z x := z| Yx . Since C 0 (Y ) is a non-degenerate Banach C 0 (X)-bimodule, every c ∈ C 0 (Y ) admits a factorization c = f c ′ , f ∈ C 0 (X), c ′ ∈ C 0 (Y ) ([1, Prop.1.8]); in the sequel, we will often make use of this property. If U ⊆ X is an open set and C 0 (Y ) U is the restriction of C 0 (Y ) over U in the sense of Sec.1, then C 0 (Y ) U = C 0 (Y U ).
Proof. Let us prove that the map ϕ
and ϕ x is well-defined. It is clear that ϕ x is also positive, so that the lemma is proved.
Let id X denote the identity map over X . A (not necessarily continuous) map s : X → Y such that p • s = id X is called a selection of Y . In particular, a section is a continuous selection s : X → Y , p • s = id X ; in such a case, since s is injective we find that s : X → s(X) is a homeomorphism. From the C*-algebraic point of view, sections correspond to C 0 (X)-epimorphisms
In general, the existence of a section is not ensured; a bundle endowed with a section is called microbundle (see for example [15] and related references). On the other side, a frequently verified property is the existence of local sections,
We say that Y has local sections if for every x ∈ X there is a neighborhood U ∋ x with a section s U : U ֒→ Y . Locally trivial bundles have local sections.
We denote by S X (Y ) the set of sections of Y . Now, S X (Y ) is endowed with the 'uniform convergence' weak topology such that for every z ∈ C 0 (Y ) the map {s → z • s} is norm continuous. Of course, if X reduces to a single point we get the usual Gel'fand topology over Y ≡ S {x} (Y ).
In this case, we say that Y is full.
Group Bundles.
Let X be a locally compact Hausdorff space. A group bundle is a bundle p : G → X in the sense of Def.2.1, such that every fibre G x := p −1 (x), x ∈ X , is a locally compact group w.r.t. the topology induced by G .
Let G 0 be a locally compact group, and K a topological group acting continuously by proper homeomorphisms on G 0 , α, y → α · y , α ∈ K , y ∈ G 0 . A locally trivial group bundle p : G → X has structure group K if there exists a locally finite open cover {U i } with local charts π i :
It is well-known that the set {α ij } ij (usually called the set of transition maps) identifies G up to isomorphism ([18, Chp.5]).
Example 2.1 (principal bundles).
A locally trivial group bundle p : G → X with fibre G 0 is said principal G 0 -bundle if it has structure group G 0 , acting by left multiplication g → g ′ g , g, g ′ ∈ G 0 . A principal bundle is trivial if and only if admits a section ( [18, 4(8. 3)]). The set of isomorphism classes of principal G 0 -bundles over X is characterized in terms of the cohomology set H 1 (X, G 0 ) (see [19, I.3 .5] for a complete definition).
Example 2.2 (adjoint bundles).
A locally trivial group bundle p : G → X with fibre G 0 is said adjoint G 0 -bundle if it has structure group G 0 , acting by the adjoint action g ′ → gg ′ g −1 , g, g ′ ∈ G 0 . If G 0 is arcwise connected, then it is easy to prove that every adjoint G 0 -bundle is full (see Lemma 2.6) . A class of examples follows (see [19, I.4.8] ). Let d ∈ N, and U(d) denote the unitary group of rank d matrices. If E → X is a rank d vector bundle, then the set of unitary endomorphisms of E is an adjoint bundle UE →
Let p : G → X be a group bundle. For every x ∈ X we denote by e x the identity of G x , and consider the identity selection e := {X ∋ x → e x ∈ G} .
(2.1) Moreover for every g, g ′ ∈ S X (G), the following selections are defined:
Definition 2.5. Let p : G → X be a group bundle. A section group for G is a total subset G ⊆ S X (G), which is also a topological group w.r.t. the structure (2.1,2.2).
Example 2.3. Let G 0 be a locally compact group and G := X × G 0 ; then, S X (G) can be identified with the group C(X, G 0 ) of continuous maps from X into G 0 . It is clear that S X (G) is a section group, so that G is full. Let G ⊂ S X (G) be the subgroup of constant maps from X into G 0 ; then, G is a section group, isomorphic to G 0 .
Note that a section group is typically not locally compact (as the group C(X, G 0 ) in the previous example), thus in general no Haar measure is defined. Lemma 2.6. Let X be paracompact, p : G → X a locally trivial group bundle with fibre G 0 . Suppose that the identity selection (2.1) is continuous and that G 0 is arcwise connected. Then S X (G) is a section group, so that G is full.
Proof. We denote by e 0 the identity of G 0 , so that e(x) = e 0 , x ∈ X . Let y ∈ G , x 0 := p(y). We consider an open trivializing set U ⊆ X , U ∋ x 0 , and the corresponding local chart α U : p −1 (U ) → U × G 0 . Let (x 0 , g 0 ) := α U (y); then, there is a continuous map g : [0, 1] → G 0 such that g(0) = e 0 , g(1) = g 0 . We consider a cutoff function λ ∈ C 0 (X), 0 ≤ λ(x) ≤ 1 , x ∈ X , such that λ| X−U = 0 , λ(x 0 ) = 1 ; then, we define the selection
It is clear that g is continuous. The fact that S X (G) is a topological group follows by local triviality: if {U i } i is a trivializing open cover with p −1 (U i ) ≃ U i × G 0 , then by the argument of Ex.2.3 the elements of S X (G) appear locally as continuous map g i : U i → G 0 . Thus, G is full.
Homogeneous bundles.
Let p : G → X be a group bundle, and H ⊆ G a group subbundle. Then, every fibre H x := H ∩ p −1 (x), x ∈ X , is a subgroup of G x := p −1 (x). We denote by H /G the quotient space defined by the equivalence relation induced by H on G . For every y ∈ G , we denote by y H := hy : h ∈ H p(y) the associated element of H /G . Now, H /G is a locally compact Hausdorff space, endowed with the surjective map 
In order for a more concise notation, we define Ω := H /G , so that we have a bundle q : Ω → X . The map (2.3) defines itself a bundle p Ω : G → Ω , that we are going to describe. Let us consider the restriction p Ω,x : G x → Ω x , x ∈ X . Then, we may regard at Ω x as the coset space H x /G x , so that p Ω,x can be interpreted as the natural projection from G x onto H x /G x , induced by the quotient topology. We have the following commutative diagram
from which follows that p Ω : G → Ω has fibres H p(ω) := G p(ω) ∩ H , ω ∈ Ω. Note that if H , G are trivial with fibres respectively K , L , K ⊆ L , then (2.4) takes the form
5)
where id X is the identity on X , and p K : L → K/L is the quotient map. 
). So that, the continuous map
is defined, so that p K : L → K/L is locally trivial with fibre K .
In the following results, we discuss the analogous construction for group bundles. 
Proof. Proof. Let q : Ω → X denote the natural projection, and ω ∈ Ω; then, there exists a neighborohood W of ω such that U := q(W ) trivializes G , so that we may identify G U := p −1 (U ) with the trivial bundle U × L . The previous remarks imply that H U := G U ∩ H is "subtrivial", in the following sense: there exists a family
and ω ∈ ⊔ i W i . We now proceede with the proof of the existence of local sections. By construction, there exists a set of indeces
Since H j is closed, we find y ∈ H j ; moreover, since x ∈ U i ∩ U j , we find y ∈ H i . Since we may pick an arbitrary converging sequence {y n } ⊆ H j , we find that H j ⊆ H i . By applying the same procedure to every pair of elements of J , we conclude that the set {H i } i∈J is totally ordered w.r.t. the inclusion, thus there exists an index i 0 such that H i ⊆ H i0 for every i ∈ J . In order for more concise notations, we define H 0 := H i0 ,
In this way, we obtain a section
Since we may identify U × V 0 with a neighborhood of ω , say W 0 , we conclude that there exists a section from W 0 into U × L .
3 Actions on C(X)-algebras.
3.1 C*-bundles.
In the present section, we introduce the notion of fibred action of group bundle on a unital C(X)-algebra. In order to define such a notion, we collect some results on the categorical equivalence between C 0 (X)-algebras and a class of topological object called C*-bundles. In order to simplify the exposition, we will restrict ourself to the case in which X is compact and the given C(X)algebra unital. 
x ∈ X , is homeomorphic to a C*-algebra. Σ is required to be full, i.e. for every σ ∈ Σ there exists a section a :
φ is said isomorphism (resp. monomorphism, epimorphism) if every φ x , x ∈ X , is a C*-algebra isomorphism (resp. monomorphism, epimorphism). Now, every a ∈ S X (Σ) defines a family {a(x) ∈ Σ x } ; thus, the set of sections of Σ is endowed with a natural structure of C(X)-algebra w.r.t. the pointwise-defined *-algebra operations, sup-norm, and pointwise multiplication by elements of C(X). Viceversa, let A be a C(X)-algebra with evaluation epimorphisms π x : A → A x , x ∈ X . Then, the set A := x∈X A x is endowed with a natural surjective map Q : A → X , Q • π x (a) := x. Moreover, for every open U ⊆ X , a ∈ A, ε > 0 , the following sets provide a basis for a topology on A :
The previous considerations provide the basic idea for the proof of the following theorem [16, Thm.5.13] (in order to better understand the terminology used in the above reference, we recommend the reader to [16, §1 , §5]).
Some examples follow. The trivial bundle
x ∈ X , a 0 ∈ A 0 . We give a second class of examples: if A := C(Y ) is abelian, then there is a surjective map q : Y → X , and the C*-bundle A → X has fibres
We briefly discuss functoriality of the above construction (see [16, 10 .18] for details). Let η : A → A ′ be a C*-algebra morphism; we denote by π ′ x :
For every C(X)-morphism η : A → A ′ , it turns out that ker η is a C(X)algebra. We denote by ker η → X the associated C*-bundle. It is clear that there is an inclusion ker η ⊆ A such that (ker η) x ⊆ ker η x , x ∈ X .
We conclude the present section with a remark on C(X)-algebras and bundles. Let A be a unital C(X)-algebra with fibre epimorphisms π x : A → A x , x ∈ X , and p : Y → X a compact bundle, so that C(Y ) is a unital C(X)algebra. We give a description of the tensor product C(Y )⊗ X A with coefficients in C(X) in terms of C*-bundles. Let P : A → X be the C*-bundle associated associated with A. We consider the set S X (Y, A) of continuous maps F : Y → A such that
is endowed with a natural structure of C*-algebra w.r.t. the pointwisedefined operations, and it is easily verified that there is a natural isomorphism
(3.2)
Group Bundles acting on C(X)-algebras.
Let G be a locally compact group; as remarked in [23, §4] ,
The above elementary remark suggests to introduce the following notion.
We say that G acts fiberwise on A if there exists a family of strongly continuous actions α :
is continuous. In such a case, we say that α is a fibred action, and that the triple (A, G, α) is a fibred C(X)-system. If G is full, then we say that α is full. The fixed-point algebra w.
Proposition 3.4. Let (A, G, α) be a full fibred C(X)-system. Then, for every section group G ⊆ S X (G) there is a strongly continuous action
Viceversa, if a strongly continuous action (3.5) endowed with a family {α
Proof. Suppose that a fibred action α is given. If g ∈ S X (G) and a ∈ A, then by continuity of α the map s g,a : X → A , s g,a (x) := α x g(x)
• π x (a) belongs to S X ( A). We identify s g,a with the associated element of A. Again by continuity of α , we find that the map s : G × A → A, g, a → s g,a is continuous; moreover,
• π x (a), x ∈ X . Since every α x is an action, we find that the map {a → s g,a } is an automorphism of A, say α G g ; for the same reason, we find s gg ′ ,a = α G g • α G g ′ (a). We conclude that α G defines an automorphic action. Viceversa, let α G be an action satisfying (3.5,3.6). Since G is full, for every y ∈ G there is g ∈ G with g(p(y)) = y . We define the map α :
is well-defined, in fact it does not depend on the choice of g ∈ G satisfying g(x) = y . We now verify that α is continuous. For this purpose, let us consider (y, σ) ∈ G × X A , with x := p(y) = Q(σ); we pick a ∈ A and g ∈ G such that g(x) = y and π x (a) = σ , so that π x • α G g (a) = α x y (σ). Moreover, we define b := α G g (a), and consider a neighborhood of the type
Thus, for every (y ′ , σ ′ ) ∈ V × X T U,a,ε/2 , it turns out, with
,ε , and we conclude that α is continuous.
In the next result, we show that fibred actions include usual C*-algebra actions as a particular case. Corollary 3.5. Let A be a unital C*-algebra, G a locally compact group, and α : G → autA a strongly continuous action. We define C(X) := (A ∩ A ′ ) α (so that A is a C(X)-algebra) and G := X × G. There exists a unique fibred action α : G × X A → A such that α is the action associated with α in the sense of the previous proposition.
Proof. G appears as a section group of constant sections for G := X × G, so that (3.3) can be regarded as a special case of (3.6). The proof now follows from Prop.3.4.
Thus, usual group actions on C*-algebras can be regarded as fibred actions associated with trivial group bundles. Group actions over (continuous trace) C 0 (X)-algebras has been studied in [14] .
We introduce a natural notion of equivariance.
In this case, we use the notation η : (A, α) → (B, β).
About the behaviour of fibred actions w.r.t. quotients, we provide the following result.
Then, there exists a unique fibred action β :
. The continuity of β follows by continuity of α , η . Remark 3.1. According to the previous corollary, there is a fibred action (F , H, β), anyway also a strongly continuous action β H : H → aut X F is defined. Note that in general H is not a section group for H ; for example, if we consider the situation X = [0, 1], H = {(x, h) ∈ X × G : h = 1 for x ≥ 1/2}, then we obtain H = {1}. Thus, we may have the 'extreme' situation in which H reduces to the trivial group, while H is non-trivial (this happens in the case in which S X (H) reduces to the identity selection). Rougly speaking, fibred actions are better behaved than usual strongly continuous actions w.r.t. C(X)-epimorphisms.
UA → X is a group bundle, and there is a fibred action α : UA × A → A, defined by the adjoint action α(u, σ) := uσu * . Example 3.2. With the notation of the previous example, we consider the inductive limit A ∞ := lim →r A r , A r := ⊗ r X A; the embeddings i r :
If d ∈ N and A has fibres isomorphic to the matrix algebra M d , then A ∞ is a continuous bundle of UHF-algebras of type d ∞ (in the case d = 2 , we obtain a bundle of fermion algebras), and UA has fibre the unitary group U(d) .
Example 3.3. Let p : G → X be a compact group bundle. We denote by C(G) the C(X)-algebra of continuous functions of G , and by Q :
We call λ, ρ respectively the left and right translation actions over G .
We conclude the present section with an elementary remark about fibred actions and pullbacks. Let p : G → X be a group bundle, and (A, G, α) a fibred C(X)-system. We denote by X ′ the spectrum of (A ′ ∩ A) α , and identify
In the following lines, we give a description of τ in terms of C*-bundles. Let x ∈ X ;
In this way, we have constructed a surjective continuous map
Let now q * G := X ′ × X G ; then, (3.9) implies that the following map is welldefined:
By construction (B, q * G, β) is a fibred C(X ′ )-system, and (B ′ ∩ B) β = C(X ′ ). We conclude that fibred C(X)-systems (A, G, α) can be always 'rescaled' in such a way that C(X) coincides with (A ′ ∩ A) α .
4 Invariant means. 4 .1 Invariant functionals.
We recall the reader to the notation used in Lemma 2.3 and Ex.3.3.
If ϕ is left and right invariant, then ϕ is said invariant.
In the next lemma, we establish a unicity result for invariant functionals. We denote by C b (X) (= M (C 0 (X))) the C*-algebra of bounded continuous functions on X , and by C + b (X) the space of positive functions.
Proof. Let {ϕ x ∈ C 0 (G x ) * } x be the family of states defined as in Lemma 2.3. The equality (4.1) implies that ϕ x is a left (resp. right) G x -invariant state on C 0 (G x ); the left (resp. right) G x -invariance of ϕ x implies that ϕ x = χ x µ x for some χ x ∈ R + . This also implies that if ϕ ′ : C 0 (G) → C 0 (X) is a left (resp. right) invariant positive C 0 (X)-functional then by (4.2) we find
The previous equality implies that ϕ(z), ϕ ′ (z) ∈ C 0 (X) have the same support for every z ∈ Z . We define the map τ :
x ∈ X , and prove that it is continuous; for this purpose, we consider an approximate unit {λ i } i ⊂ C 0 (G), and note that τ is a limit in the strict topology
since the net in the r.h.s. of the previous equality is contained in C 0 (X), we conclude τ ∈ C b (X).
Let G 0 be a locally compact group, K a topological group acting continuously by proper homeomorphisms on G 0 . Then, K acts by automorphisms on C 0 (G 0 ); in the sequel, we will identify the elements of K with the corresponding automorphisms of C 0 (G 0 ). Proposition 4.3. Let X be paracompact, p : G → X a locally trivial group bundle with fibre G 0 and structure group K . Let ϕ 0 : C 0 (G 0 ) → C denote the left (resp. right) Haar measure and suppose ϕ 0 • α = ϕ 0 , α ∈ K . Then, there exists a left (resp. right) invariant positive C 0 (X)-functional on C 0 (G).
Proof. Let {U i } i∈I be a locally finite, trivializing open cover for G , so that there are isomorphisms π i :
Since G has structure group K , for every U i ∩ U j = ∅ we have that
is a cocycle defining a continuous map α :
In order to prove the lemma, we note that if
Thus, if {λ i } is a partition of unity subordinate to {U i }, then the following left (resp. right) invariant positive C 0 (X)-functional is defined:
Let G be trivial, i.e. G ≃ X × G 0 ; then K reduces to the trivial group, so that there exists an invariant positive C 0 (X)-functional ϕ : C 0 (G) → C 0 (X). If we regard at C 0 (G) as C 0 (X) ⊗ C 0 (G 0 ), then ϕ = id X ⊗ ϕ 0 , where ϕ 0 is the Haar measure on C 0 (G 0 ). Corollary 4.4. If X is paracompact and p : G → X is an adjoint bundle with unimodular fibre, then there exists an invariant positive C 0 (X)-functional.
Proof. Let G 0 be the fibre of G . We denote the Haar measure by ϕ 0 (z) = G0 z(y) dµ(y), z ∈ C 0 (G 0 ); since ϕ 0 is left and right G 0 -invariant, we find
where g ∈ G 0 , and α g ∈ autC 0 (G 0 ) is the automorphism defined according to the adjoint action introduced in Ex.2.2. Proof. Let G 0 be the fibre of G . We denote the left Haar measure by ϕ 0 (z) =
where g ∈ G 0 , and λ 0 g ∈ autC 0 (G 0 ) is the automorphism defined according to the left translation action introduced in Ex.2.1.
Fibred actions and invariant means.
Let A be a C(X)-algebra with fibre epimorphisms π x : A → A x , x ∈ X , and p : G → X a compact group bundle. In order for a shorter notation, we define
We denote by P : A G → X the associated C*-bundle, and by ξ ⊗ σ , ξ ∈ C(G x ), σ ∈ A x , the generic elementary tensor in A G
x . The translation actions defined in Ex.3.3 extend in a natural way on A G :
By using the identification S X (G, A) ≃ A G (see (3. 2)), we may express (4.3) in the following way: if F ∈ S X (G, A), then
y, y ′ ∈ G , x := p(y) = p(y ′ ). We call (4.3) left (resp. right) translation G-action over C(G)⊗ X A. The following lemma is just the translation in terms of fibred systems of a well-known basic property of C*-algebra actions, thus we omit the proof.
Lemma 4.6. Let p : G → X be a compact group bundle, and (A, G, α) a fibred C(X)-system. Then, there is an equivariant C(X)-monomorphism
where a ∈ A, y ∈ G , x := p(y).
Let p : G → X be a compact group bundle with a right invariant positive C(X)-functional ϕ : C(G) → C(X), and A a C(X)-algebra. Then, the following positive functional is defined
in such a way that the equality
holds for every F ∈ A G , x := p(y) ∈ X ; µ x denotes the Haar measure of G x , according Lemma 4.2. Let α : G × X A → A be a fibred action. Then, a G -invariant mean m G :
For every x ∈ X , the following equality holds:
We define m G,x : A x → (A x ) α x as the l.h.s. of (4.5), so that m G,x •π x = π x •m G .
5 Abelian fibred C(X)-systems.
Structural properties of centers of C*-algebras carrying a group action will be important in the sequel. For this reason, we establish some properties of fibred actions in the abelian case. We fix some notations for the rest of the present section. Let X be a compact Hausdorff space, C := C(Ω) a unital, abelian C(X)-algebra, so that there is a surjective map q : Ω → X ; we define Ω x := q −1 (x), x ∈ X . In such a way, the C(X)-algebra structure of C is described by the monomorphism i q : C(X) → C , i q (f ) := f • q . We denote by η x : C → C x ≃ C(Ω x ), x ∈ X , the evaluation epimorphisms, which map elements of C into the restrictions on Ω x .
Let p : G → X be a compact group bundle. We consider a fibred action α : G × X C → C , such that C α = i q (C(X)) ≃ C(X). By applying the Gel'fand transform, we obtain an action by bundle automorphisms
in the sense of [24] . Let (C(Ω ′ ), G, β) be a fibred C(X)-system. A (bundle) morphism F : Ω → Ω ′ is G -equivariant if F • α * (y, ω) = β * (y, F (ω)), y ∈ G , ω ∈ Ω; in this case, we write F : (Ω, α * ) → (Ω ′ , β * ). It is clear that equivariant bundle morphisms correspond to equivariant C(X)-algebra morphisms via the Gel'fand transform.
In the sequel of the present section, we assume that there exists a left (right) invariant positive C(X)-functional ϕ : C(G) → C(X).
Lemma 5.1. C is a continuous bundle of abelian C*-algebras over X ; for every x ∈ X , there exists a closed group H x ⊆ G x , unique up to isomorphism, such that the fibre C x is isomorphic to C( H x / G x ).
Proof.
Let ω ∈ Ω, x := p(ω) ∈ X . For every x ∈ X there is an action α x : G x → autC x , with C x ≃ C(Ω x ). We now prove that G x acts transitively on Ω x . Let f ∈ C(Ω x ) be G x -invariant; by the Tietze theorem, there is f ′ ∈ C(Ω) with f ′ | Ωx = f ; by applying the G -invariant mean m G : C → C α , we obtain a function f 0 := m G (f ′ ) ∈ C α . By (4.5), we obtain
Since f 0 ∈ i q (C(X)) = C α , we obtain that f 0 is a constant function on Ω x for every x ∈ X . This proves that f is a constant map; thus C(Ω x ) α x = C1 , i.e. G x acts transitively on Ω x . The isomorphism C(Ω x ) ≃ C( H x / G x ) is obtained by defining H x as the stabilizer of some ω x ∈ Ω x . It remains to verify that C is a continuous bundle over X . For this purpose, we consider the right Hilbert C(X)-module M := L 2 (C, m G ), defined by completition of . Now, C acts by multiplication on M, so that there is a C(X)-morphism π :
The previous considerations imply that π defines a field {π x } x∈X of faithful representations in the sense of [1, Def.2.11], and [1, Prop.3.11] implies that C is a continuous bundle of C*-algebras over X . Proof. (1): by the previous lemma, for every x ∈ X the compact space Ω x is a homogeneous G x -space w.r.t. the action ω, y → α * (y, ω), ω ∈ Ω x , y ∈ G x . Thus, for every ω, ω ′ ∈ Ω x there is y ∈ G x such that ω ′ = α * (y, ω), and we can define the bundle epimorphism p Ω : G → Ω , p Ω (y) := α * ( y, s(p(y)) ) . is well-defined, and it is trivial to check that it is a bundle isomorphism.
We conclude that if (C(Ω), G, α) is a fibred C(X)-system endowed with an invariant C(X)-functional ϕ : C(G) → C(X) and a section s : X ֒→ Ω, then there exists a compact group subbundle H s ⊆ G with an isomorphism H s /G ≃ Ω. Thus, the considerations of Sec.2.3 apply, in particular Lemma 2.7 and Lemma 2.8. Note that the isomorphism class of H s depends on s: by choosing a different section s ′ : X ֒→ Ω, we may get a group bundle H s ′ not isomorphic to H s (Sec. 8.2).
6 Induced C*-bundles.
Notation. In the present section, we denote by p : G → X a compact group bundle. Moreover, we consider a fibred C(X)-system (B, G, α). We fix our notation with A := B α , Z := A ∩ A ′ , C := B ∩ B ′ . By (3.10), we may eventually 'rescale' X , and assume that
We denote by C ∨ Z the C*-subalgebra of B generated by C and Z . We denote by π x : B → B x , x ∈ X , the epimorphisms associated with B as an upper semicontinuous bundle over X . Note that A, Z , C inherit from B the structure of C(X)-algebra. We denote by Ω the spectrum of C , and by q : Ω → X the natural projection induced by the C(X)-algebra structure of C ; in particular, we define Ω x := q −1 (x), x ∈ X . Since C is stable w.r.t. α , by applying the Gel'fand transform we obtain a fibred action α * : G × Ω → Ω, α * (y, ω) := ω • α p(y) y
.
We now assume that there exists a section s : X ֒→ Ω, and denote by φ s := C → C(X), φ s (c) := c • s, the C(X)-epimorphism associated with s. Moreover, we consider the group bundle H s ⊆ G defined by 
Let us now suppose that there exists a left (right) invariant positive C(X)functional ϕ : C(G) → C(X). By Lemma 5.1, Lemma 5.2, there exists an
In the sequel, we will identify Ω with the homogeneous bundle H s /G . This implies that we have a group bundle p Ω : G → Ω, defined according to (2.3) .
We 
. This implies that H s satisfies (3.7), thus we have a fibred action
Proof. In order to prove that η is injective on A, it suffices to verify that each
For this purpose, note that B is a C(Ω)-algebra, thus it is easy to verify that each B x , x ∈ X , is a C(Ω x )-algebra; for every ω ∈ Ω, we consider B x,ω :
where ω(y) := α * (y, s(x)), x := p(y). Note that ω(e x ) = s(x), where e x is the identity of G x . Now, by definition of η we have η x (σ) = σ s(x) ; for every y ∈ G x , σ 0 ∈ π x (A), by using the fact that σ 0 is α x -invariant, we find
(Ω x ). The above computation shows that if η x (σ 0 ) = 0 , then σ 0 ω(y) = 0 for every y ∈ G x , so that the lemma is proved.
Let us now consider the C(X)-algebra tensor product F G s := C(G) ⊗ X F s , and the associated C*-bundle By (3.2) , we identify F G s with S X (G, F s ), and define the following C(X)-subalgebra of F G s : F (y) ) , h ∈ H s , y ∈ G (6.5) (note that we assume p(y) = p(h)). The C*-bundle associated with S β (G, F s ) will be denoted by F s,β → X . Let α :
Thus, F s,β is stable w.r.t. the action α , and a fibred C(X)-system
is defined. Proof. We evaluate the fixed point C*-algebra
where b ∈ B , y ∈ G , x := p(y).
Proof. By continuity of α , η , and since b defines a section of B , we find that T b belongs to S X (G, F s ). In order to economize in notations, we define σ := π x (b), so that T b(y) = η x • α x y (σ). We compute
. Let now T : B → F s,β be the morphism induced by T . Then, we may regard at T σ as a map from G x into F s,x , and
So that, α(y, T σ) = T • α(y, σ), and T is equivariant. We now verify that T is injective. For this purpose, we recall the reader to the C(Ω x )-algebra structure of B x , and make use of the notation introduced in the proof of Lemma 6.1. Let y ∈ G , ω(y) := α * (y, s(x)); then, for every σ ∈ B x , we find On the other side, (α x y (σ)) s(x) = η x • α x y (σ) = T σ(y). Thus, we conclude Thus (by (6.4) ) T σ = 0 if and only if σ = 0 , and T is injective (i.e., T is injective). We now prove that T is surjective. Let F ∈ S β (G, F s ). Since every η x is surjective,
x := p(y). Let ε > 0 ; for every y ∈ G , we consider the open set
and U y = U hy . By construction, {U y } y is an open cover for G ; we pick a finite subcover {U y k } k , with the corresponding b k := b p(y k ) ∈ B satisfying (6.6). Let us now consider the projection p Ω :
This proves that the image of T is dense in S β (G, F s ).
Let e x ∈ G x denote the identity. By definition of η and T , we find
Corollary 6.4. The map T induces a C(X)-algebra isomorphism A ≃ F s β . Moreover, F s β = η(A).
Proof. Since T is covariant, we find that every α-invariant element of S β (G, F s ) is of the type T a for some a ∈ A. But T a is α -invariant if and only if T a(y ′ y) = T a(y ′ ) for every y ′ ∈ G ; thus, if h ∈ H s then T a(h) = T a(he x ) = β x h (T a(e x )) = T a(e x h) = T a(e x ) In other terms, by (6.7), η(a) ) , x ∈ X , so that we conclude η(A) ⊆ F β s . On the other side, it is clear that every F ∈ F β s defines an α-invariant element of S β (G, F s ), say F , by defining F (y) := τ p(y) (F ), y ∈ G ; in fact, F being fiberwise constant, we have F (hy) = F (y) = τ x (F ), x := p(y) = p(hy), so that β x h • F (y) = F (y) = F (hy). Thus, F = T a for some a ∈ A, i.e. F = η(a). Since η(A) is isomorphic to A (Lemma 6.1), the corollary is proved. Now, C(X) may be regarded as a C*-subalgebra of η(Z) (recall that F s is a C(X)-algebra), and η(C) = φ(C) = C(X) ⊆ η(Z). Thus, we find
In order to prove that F ∈ η(Z), it suffices to verify that F = η(b) for some b ∈ A ′ ∩ B . In fact, in such a case (6.8) implies that F ∈ η(Z). Let us now consider a finite open cover {W k } of Ω satisfying the properties of Lemma 2.7.
We consider a partition of unity {λ k } ⊂ C(G) subordinate to p −1 Ω (W k ) ⊂ G , so that λ k (hy) = λ k (y), h ∈ H s , y ∈ G . We consider the bundle morphisms (2.6), and define the map
Since F defines a continuous section of F s , and by continuity of β , δ k , we find T b ∈ S X (G, F s ). Moreover, by applying (2.7), we find T b(hy) = β h (T b(y));
. By applying (6.7), we find τ x • η(b) = T b(e x ) = τ x (F ) for every x ∈ X , and this implies F = η(b).
We summarize the previous results in the following theorem (we use the notation established at the beginning of the present section): Theorem 6.6. Suppose there exists a section s ∈ S X (Ω), and that G admits a right invariant positive C(X)-functional. Then, there is a compact group subbundle H s ⊆ G and a fibred C(X)-system (F s , H s , β), with an epimorphism η : B → F s . If (S β (G, F s ), G, α) is the fibred C(X)-system defined in (6.5) , then the following properties are verified:
1. C is a continuous bundle of C*-algebras over X , with fibres C( H x / G x ),
x ∈ X ; there is a C(X)-algebra isomorphism C ≃ C(H s /G );
2. there is an isomorphism of fibred C(X)-systems (B, α) ≃ (S β (G, F s ), α);
the following isomorphism and equality hold:
A ≃ η(A) = F s β ; (6.9)
4. if A ′ ∩ B = C ∨ Z , and G → Ω has local sections, then the following isomorphism and equality hold: Existence of a section s : X ֒→ Ω is a fundamental condition. In fact, we need it to define the group bundle H s , on which our construction is based. Fibred C(X)-systems such that Ω → X does not admit sections can be constructed, as we will see in Sec.8.1, also in the case in which G → X is trivial.
Existence of local sections for the bundle G → Ω is ensured under quite general conditions. Note that there are examples for which G → Ω does not admit local sections also in the case in which X reduces to a single point: in explicit terms, there are compact groups G with compact subgroups H ⊆ G such that the projection G → H/G does not admits local sections (see [I.7.5][Ste]).
Unicity of H s is not ensured: by choosing a different section s ′ : X ֒→ Ω we may get a group bundle H s ′ not isomorphic to H s . Explicit examples are given in Sec.6.1, by choosing Ω as in Sec.8.2.
The following corollary will be applied to the case of crossed products considered in [31] . Proof. By Cor.4.4, we find that G → X admits an invariant C(X)-functional. Moreover, p Ω : G → Ω has local sections by Lemma 2.8, thus point 4 of the previous theorem applies.
In the following result, we explicitate the case of usual C*-dynamical systems. 
A class of examples.
Let d ∈ N, d ≥ 2 , G ⊆ SU(d) a compact Lie group. We consider an abelian C(X)-algebra C(Ω) carrying a strongly continuous action ρ : G → aut X C(Ω), such that C(X) = C(Ω) ρ . Starting from this data, we construct a C*-dynamical system (B, G, α) satisfying the hypothesis of Thm.6.8.
We now start our construction. By Lemma 5.1, every fibre Ω x := q −1 (x) is homeomorphic to a homogeneous space H x /G, x ∈ X . In order to simplify our notation, we write ωg := ω • ρ g , ω ∈ Ω, g ∈ G. Let us now consider the order d Cuntz algebra O d , generated by a set
It is well-known that G acts by automorphisms on O d : if g ∈ G, then there exits a unique g ∈ autO d such that
where g ij ∈ C are the matrix coefficients of g w.r.t. the canonical basis of C d . We define
B is a trivial continuous bundle of Cuntz algebras over Ω; moreover, B is also a C(X)-algebra, with fibres B x ≃ C(Ω x ) ⊗ O d , x ∈ X . In the sequel, we will regard at elements of B as continuous maps from Ω into O d . We introduce the action α : 
We now assume that there exists a section s : X ֒→ Ω, q • s = id X , and consider the associated C(X)-morphism φ s : C(Ω) → C(X). By applying Thm.6.8, we obtain a fibred C(X)-system (F , H s , β), where H s ⊆ X × G is defined according to (6.2) . We now verify that for every h ∈ H s , F ∈ C(X) ⊗ O d , x := p(h), the following relations hold:
15)
A ∩ A ′ = A ′ ∩ F = C(X) . . Since s(X) is homeomorphic to X , we find (6.13) . In order to simplify our notation, in the following lines we will identify F with C(X)
The equality (6.15) follows from Thm.6.8. About (6.16), note that (6.14) implies
Note that H s may be not full; in particular, the stabilizer H of ker η in G may be trivial (recall that H ⊂ S X (H), see Cor.3.7 and Rem.3.1). Moreover, by choosing a different section s ′ : X ֒→ Ω, we may get a group bundle H s ′ ⊆ G not isomorphic to H s (see Sec.8.2) Of course, the case in which Ω does not admit sections is possible, see Sec.8.1 (actually, in Sec.8.1 an action T → aut X C(Ω) is considered, anyway we may take G := U (T), where U : T ֒→ SU(d) is a faithful representation). In this case, the group bundle H s is not defined.
Superselection structures.
In the present section, we consider a crossed product construction on the line of [12, §3] , [13, §2] . We show that if a non-trivial centre arises in this context, then we obtain a C*-dynamical system as in Thm.6.6. Our construction also generalizes Hilbert C*-systems in the sense of [4] (in the case of a single endomorphism), in a fashion that will be clarified later.
Let A be a unital C*-algebra, ρ ∈ endA a unital endomorphism. We define Z := A ′ ∩ A, and C(X) := {f ∈ Z : ρ(f ) = f }. Let us assume that there exists a C*-algebra B with identity 1 , carrying an inclusion A ⊂ B of unital C*-algebras, such that:
1. B is generated as a C*-algebra by A and a set {ψ i } d i=1 , d ∈ N, of isometries satisfying the Cuntz relations (6.11). Thus, an endomorphism
is defined. By universality of the Cuntz algebra, there exists a unital monomorphism j : O d ֒→ B ;
2. the following relations hold:
Note that the previous relations imply that if f ∈ C(X), then f commutes with ψ 1 , . . . , ψ d , thus f ∈ B ′ ∩ B . In other words, B is a C(X)-algebra (also note that σ B is a C(X)-endomorphism);
3. there is a strongly continuous action α :
is defined as in (6.12).
We denote by C the centre of B , and by Ω the spectrum of C .
Let O SU(d) ⊂ O d be the fixed-point algebra w.r.t. the SU(d) -action (6.12); then, the above considerations imply that j(O SU(d) ) ⊆ A. For every r, s ∈ N, we consider the intertwiner spaces (ρ r , ρ s ) := {t ∈ A : ρ s (a)t = tρ r (a), a ∈ A}
In particular, for r = 0 , we define σ 0 B := ι B (the identity on B ) and ρ 0 := ι A (the identity on A). Let I := {i 1 , . . . , i r } be a multiindex with lenght |I| = r ∈ N. We define ψ I := r ψ ir ∈ (ι B , σ r B ); note that
Let J be a multiindex with lenght s ∈ N. By [10, §2], the following 'flip' operators belong to j(O SU(d) ) ⊆ A:
note that in particular ε(r, s) ∈ (ρ r+s , ρ r+s ). In order for coherent notations, we also define ε(0, s) = ε(r, 0) = 1 . By using (7.3), we compute
With the same argument used for the ε(r, s)'s, we conclude that if P(r) is the permutation group of r objects and
then ε(p) ∈ (ρ r , ρ r ). Let us now define
By definition of ε(r, s) (r = s = 0 ), it turns out (ι A , ι A ) ε = C(X); moreover, a simple computation shows that ε(r, s) ∈ (ρ r+s , ρ r+s ) ε , r, s ∈ N. Note that every (ρ r , ρ s ) ε is a C(X)-bimodule w.r.t. left and right multiplication by elements of C(X). We say that ρ has permutation quasi-symmetry if every t ∈ (ρ r , ρ s ) admits
In particular, if (ρ r , ρ s ) = (ρ r , ρ s ) ε , r, s ∈ N, then we say that ρ has permutation symmetry, according to [12, §4] .
Proof. We proceede in a order of ideas similar to [11, Lemma 5.1]. As a first step, note that A ′ ∩B is SU(d) -stable; thus, by Fourier analysis, A ′ ∩B is generated as a C*-algebra by sets of 'irreducible tensors' of the type {T 1 , . . . , T n ∈ A ′ ∩ B}, satisfying the relations
where g ∈ SU(d) and u ji (g) ∈ C are matrix element in some irreducible, unitary representation of SU(d) (in particular, note that u ji (g) = u * ij (g) are the matrix elements of the inverse of (u ij (g)) ij ). Now, every irreducible representation of SU(d) is a subrepresentation of some tensor power of the defining representation. It follows from (6.12) that SU(d) acts on H d := span {ψ i } i ⊂ (ι B , σ B ) as the defining representation. Moreover, for every r ∈ N we can identify H r d := span {ψ I ∈ (ι B , σ r B ), |I| = r} with the r -fold tensor power of H d , and SU(d) acts on H r d as the r -fold tensor power of the defining representation. Thus, there exists n ∈ N and an orthonormal set {ϕ h } ⊂ H n d (i.e., ϕ * i ϕ j = δ ij 1 ), such that α g (ϕ i ) = j ϕ j u ji (g) . Let W := i T i ϕ * i ; by using (7.5) and (7.6), we find
We conclude that W ∈ A. Moreover,
. Thus, by permutation quasi-symmetry, W = k ρ pd (z k )W k , where z k ∈ Z and W k ∈ (ρ n , ι A ) ε . So that, we obtain T i = k z k W k ϕ i . Let us now define T i,k := W k ϕ i ; we prove that σ B (T i,k ) = T i,k (so that, T i,k commutes with ψ 1 , . . ., ψ d and T i,k ∈ C ). By permutation quasi-symmetry and (7.4), we obtain
It is of interest in the setting of algebraic quantum field theory to look for C*epimorphisms η : B → F which are injective on A, and such that η(A) ′ ∩ F = η(Z). Pairs (F , η) of the above type will be called Hilbert extensions of A, by using a terminology introduced in [4] in a similar setting. We now discuss two motivating examples; more general constructions will be considered in a forthcoming paper.
Doplicher-Roberts endomorphisms (with non-trivial centre).
Let A be a unital C*-algebra with centre Z , and ρ ∈ endA an endomorphism satisfying the special conjugate property in the sense of [12, §4] (i.e., ρ has permutation symmetry, and there exists an isometry R ∈ (ι A , ρ d ) ε satisfying the special conjugate equations R * ρ(R) = (−1) d−1 d −1 1 , RR * = d! −1 p∈P d sign(p) ε(p) ). Then, we can construct a C*-algebra B satisfying the above properties, as the crossed product of A by the dual SU(d) -action induced by ρ ([12, Thm.4.2]); we maintain the notation C ≡ C(Ω) for the centre of B , and C(X) for the C*-algebra of ρ-invariant elements of Z . Since in particular ρ has permutation symmetry, the previous proposition applies, so that A ′ ∩ B = C ∨ Z . Theorem 7.2. Let ρ ∈ endA be an endomorphism satisfying the special conjugate property. Hilbert extensions of A are in one-to-one correspondence with sections s ∈ S X (Ω) (i.e., C(X)-epimorphisms φ : C → C(X)). For every s ∈ S X (Ω), there exists a group bundle G s ⊆ X × SU(d) with a fibred C(X)-
Proof. If there exists s ∈ S X (Ω), then the existence of a Hilbert extension (F s , η) follows from Thm.6.8, and a fibred action (F s , G s , β) is defined, satisfying the required properties. Vice versa, if (F , η) is a Hilbert extension, then we note that η is injective on j(O d ) ⊂ B , in fact O d is simple and η(t) = 0 for every t ∈ j(O d ) ∩ A. Let us now consider the restriction φ := η| C . Then, φ(C) ⊆ η(Z), thus for every c ∈ C there is f ∈ Z with φ(c) = η(f ). Since η is injective on Z , we find that f is unique. Moreover, by using the fact that φ(c) ∈ F ′ ∩ F , we find η • ρ(f ) = η • σ B (f ) = i η(ψ i )η(f )η(ψ i ) * = η(f ). We conclude that η(f − ρ(f )) = 0 , i.e. f = ρ(f ); by definition of C(X), this implies f ∈ C(X). Thus, we have a C*-epimorphism φ : C → η(C(X)), which is injective on C(X) ⊆ C . By applying the Gel'fand transform, we obtain the desired section s ∈ S X (Ω). by well-known results, if we pick an element ω 0 of the spetrum Ω 0 of C 0 , and define G ⊆ SU(d) as the stabilizer of ω 0 , then we get a homeomorphism Ω 0 ≃ G/SU(d) . Note that G is unique up to conjugation in SU(d) . We now introduce the map Γ : C(X) ⊗ C 0 → C , Γ(f ⊗ c 0 ) := f c 0 . Let W * ϕ ∈ C 0 ; then, f W * ϕ 2 = (f * f )(ϕ * W W * ϕ) . Now, note that c ϕ,W := (ϕ * W W * ϕ) belongs to (ι A , ι A ) C ; thus, c ϕ,W is a (positive) multiple of the identity, and it is now clear that c ϕ,W = W * ϕ 2 . Moreover, f W * ϕ 2 = f * f c ϕ,W 2 = f 2 c ϕ,W = f 2 W * ϕ 2 . This proves that Γ is isometric. We now prove that Γ is surjective. With the same argument as the previous proposition, C is the closed vector space spanned by multiplets of the tipe {c i } i=1 n , such that α g (c i ) = k c k u ki (g), g ∈ SU(d) ; the coefficients u ki (g) ∈ C are matrix elements of some irreducible representation of SU(d) , say u . Thus, there is a set {ϕ i } ⊂ (ι, σ n B ), ϕ * i ϕ j = δ ij 1 such that W * := i c i ϕ * i belongs to A (i.e., α g (W * ) = W * ); note that c i = W * ϕ i . Moreover, it is clear that W * ρ n (a) = aW * , i.e. W ∈ (ι A , ρ n ). Since ρ is a canonical endomorphism, we find W = h f h W h , W h ∈ (ι, ρ n ) C . Thus, c i = kh f * h (W * h ϕ i ), and Γ is surjective. It is now clear that Ω ≃ X × Ω 0 ≃ X × G/SU(d) . 8 Appendix. 8 .1 Bundles of homogeneous spaces lacking of sections.
Let us denote by T := {z ∈ C : |z| = 1} the torus. For every n ∈ N, we consider the compact subgroup R n := {z k ∈ T : z n k = 1, k = 1, . . . , n} of roots of unity. Elementary computations show that the coset space R n /T can be identified with T, and that there is an exact sequence of group morphisms
where 1 is the trivial group, and p n (z) := z n , z ∈ N.
Let S 2 denote the 2 -sphere. Principal T-bundles over S 2 are classified by the cohomology group H 1 (S 2 , T) ≃ Z (see Ex.2.1 and related reference): for every h ∈ Z, we denote by Ω h → S 2 the associated principal T-bundle, having
fibre Ω h,x ≃ T. The bundle Ω h → S 2 is trivial if and only if h = 0 . Let k = 1, . . . , n; it follows from [18, Prop.7.1.7] that there is an action ρ k : T → aut X C(Ω h ) , which fiberwise behaves as the multiplication ρ k,x : T → autC(Ω h,x ), ρ k,x z c(ω) := c(ωz k ), c ∈ C(Ω h,x ), ω ∈ T ≃ Ω h,x . Since the multiplication by z k , z ∈ T, defines an ergodic action on T, we conclude that the fixed-point algebra of C(Ω h,x ) w.r.t. ρ k,x reduces to the complex numbers. Thus, C(Ω) ρ ≃ C(S 2 ).
By general properties of principal bundles ([18, Thm.6.2.3]), the unique principal T-bundle over S 2 admitting sections is Ω 0 → S 2 , Ω 0 ≃ S 2 × T. In this case, the fibred action ρ k supplies an exact sequence of the type
For every h = 0 , we have that Ω h → S 2 does not admit sections. Let X be a compact Hausdorff space. For every n ∈ N, we denote by T n := X × R n the trivial rank n vector bundle, and by G n := X × O(n) the trivial group bundle with fibre O(n). For every rank d real vector bundle E → X , we consider the associated adjoint O(d)-bundle OE → X (in the same way as in the complex case Ex.2.2). It is well-known that if E ′ → X is a real rank d vector bundle, then OE is isomorphic to OE ′ if and only if E ′ = E ⊗ L for some real line bundle L → X .
Thus, if X is a space such that the cohomology group H 1 (X, Z 2 ) is trivial, then every real line bundle L → X is trivial, and E ≃ E ′ if and only if OE ≃ OE ′ . Let now E → X be a non-trivial rank d vector bundle such that E ⊕ T n ≃ T d+n (i.e., E has trivial class in K -theory). Since E is non-trivial, OE is non-trivial; on the other side, OT d+n = G d+n is trivial. Moreover, the monomorphism j : E ֒→ T d+n induces a monomorphism adj : OE ֒→ G d+n . So that, the trivial bundle G d+n has two non-isomorphic group subbundles with fibre O(d), i.e. the trivial bundle G d and H := adj(OE). This happens despite the fact that we have isomorphisms in fact, Ω is a bundle having the (trivial) cocycle associated with G d+n as a set of transition maps (see [18, Thm.6.4 .1] and following remarks). Now, C(Ω) is endowed with an automorphic action ρ : O(d + n) → aut X C(Ω) such that C(Ω) ρ = C(X), and Ω is clearly full (in fact, it is a trivial bundle over X ). This implies that Ω → X is a homogeneous bundle. Anyway, (8.1) implies that Ω can be recovered as a quotient of G d+n w.r.t. non-isomorphic subbundles, namely G d and H . For example, all the above considerations apply in the case in which X is the sphere S k , k = 1, 3, 7 , and E is the the tangent bundle T S k ([19, I.5.5]).
